We have theoretically analyzed the return field produced by an externally pumped Kerr medium, an externally pumped photorefractive medium, and a self-pumped photorefractive medium, for an input field with arbitrary spatial and temporal characteristics. For a stationary beam with spatial structure, all three cases yield a spatial phase-conjugate return beam. For a beam with dynamic fluctuations, each case returns a field with different temporal character. For the case of a self-pumped photorefractor, it is found that the dynamics of the return beam are represented by a conventional reflection rather than a temporal phase conjugate. While this geometry may have been thought of as a simple way to provide phase-conjugate feedback for dynamic stabilization in semiconductor lasers, an in-depth analysis shows that our theoretical findings agree with previously reported experimental results.
INTRODUCTION
The phenomena of optical phase conjugation has been well known for many years. 1, 2 Rudimentary understanding of phase conjugation is the effect of wave-front reversal. That is, a plane wave impinging on a phaseconjugate mirror after passing through an aberrated medium will reflect back with the exact phase structure with which to retrace its path and exit the medium after a second pass in unaberrated form, i.e., a plane wave. This concept is thought of as time reversal, since the wave traveling backward through the medium looks like a movie of the wave traveling forward through the medium played in reverse. This phenomenon can be useful for aberration correction, even imaging through turbulent media such as the atmosphere. 3 Another viewpoint of phase conjugation is in the mathematical sense. If the slowly varying portion of the input field has the form of a plane wave with real amplitude A and phase , the field can be written as E ϭ A͓exp(i )͔ and its conjugate as A͓exp(Ϫi )͔.
One might envision creating a phase-conjugate mirror in which the phase-conjugate field is sent back to its source. For high-power solid-state lasers, this technique has been used in many configurations to perform beam cleanup and create a single-spatial-mode beam. 4 This process is easy to envision given the time-reversal description above and assuming E(x, y) ϭ A͕exp͓i(x, y)͔͖. For semiconductor lasers, which are prone to dynamic instabilities, 5 it has been theoretically shown that temporal phase-conjugate feedback can help stabilize the laser. [6] [7] [8] This can be understood by imagining a laser field A͕exp͓i(t)͔͖ and adding a phase-conjugate field A͕exp͓Ϫi(t)͔͖, the summation of which would yield partial cancellation of the time-varying phase of the laser.
Many experimental efforts for dynamic laser stabilization with phase-conjugate feedback have focused on the use of BaTiO 3 to realize the phase-conjugate beam. [9] [10] [11] [12] This particular configuration makes the system simple due to a phenomenon of the self-pumping configuration that exploits two-wave mixing and beam fanning in photorefractive crystals. 13 These particular nonlinear effects enable the four-wave mixing (FWM) geometry depicted in Fig. 1 . The fanned beams reflect through the corner of the crystal and interact with the original beam. The interaction of these beams produces three waves, which interact to create a fourth wave, which is typically referred to as the phase-conjugate wave.
The questions that arise from the use of this selfpumped geometry all involve time. First, the formation time of the grating is very large, of the order of seconds. 14, 15 Second, there is a delay time between the incident beam and the subsequently created pump beams. Third, the incident beam may have dynamic properties associated with both phase and amplitude. Previous theoretical studies have focused on the dynamic response of the grating and the return signal created given three input beams that are free from dynamic fluctuations. 16 Although there has been some recent work to analyze highspeed modulated beams in an externally pumped configuration, 17 to our knowledge, there has been no previous theoretical study to investigate the spatio-temporal response of a photorefractive medium in a self-pumped geometry.
The analysis we consider here is performed in an effort to understand the spatio-temporal nature of the fourth field created by FWM. While the analysis can be expanded to include many other geometries (e.g., a Kerr or photorefractive medium pumped by spatially filtered portions of the incident beam), we concentrate our efforts on the three most popular configurations.
In Section 2, we analyze the return signal created by external pumps in a Kerr medium in order to establish some initial concepts.
In Section 3, we analyze the same case in a photorefractive medium to understand the differences that occur due to the slow response of the medium. In Section 4, we continue with the self-pumped configuration in a photorefractive medium, as depicted in Fig. 1 . In Section 5, we tabulate the results and examine experimental data in an effort to understand the relationship between the experiments performed and the behavior expected from modeling using temporal phase-conjugate feedback. We conclude our discussions and summarize our results in Section 6.
EXTERNALLY PUMPED FOUR-WAVE MIXING IN A KERR MEDIUM
For our analysis we consider the interaction of four separate waves of the same optical carrier frequency, as shown in Fig. 2 . The slowly varying portion of the incident and return waves are denoted by E I and E R , respectively, and the counterpropagating pump waves are denoted by E A and E B . If one considers the standard phase-conjugation polarization term from the nonlinear interaction in an instantaneously responding medium, 18 the slowly varying amplitude of the corresponding polarization in the transverse plane is given by
provided the return wave propagates in the direction opposite the incident wave. For a Kerr medium that is pumped by equal, spatially uniform beams from a stable, cw laser, a time-varying incident beam produces a return field driven by
where P represents the sum of the phases of the two pump beams, and I P is the intensity of each of the pump beams. For a steady-state beam, the return field is of course the spatial phase conjugate of the incident wave front. In fact, for a beam with dynamic fluctuations, the return field is the temporal as well as the spatial phase conjugate of the incident signal. This is the typical configuration that is modeled when exploring phaseconjugate feedback into semiconductor lasers for dynamic stabilization. [6] [7] [8] Note that this formalism also displays the well-known energy conservation from FWM processes. In other words, if the incident signal is detuned from the pumps, represented as E I (t) ϭ A I ͓exp(i⌬t)͔, the return field is given by
EXTERNALLY PUMPED FOUR-WAVE MIXING IN A PHOTOREFRACTIVE MEDIUM
In general, the photorefractive process is extremely slow, of the order of a few seconds, 14, 15 whereas incident signals can fluctuate significantly faster. Thus when considering FWM interaction in a photorefractive medium, one must take into account the slow response time of the grating. For the general case, the governing equations for the evolution of the grating field E G and the return field are given by 16 Fig . 2 . Schematic of four-wave mixing in a nonlinear medium. The incident and return waves are denoted by E I and E R , respectively, and the pump waves are denoted by E A and E B . 
where ϭ Rn b 3 /4c is the coupling coefficient, R is the electro-optic coefficient of the nonlinear medium, 19 is the optical frequency of the incident beam, and G is defined as 1/ G ϭ 1/ G ϩ i G , where G is the grating buildup time. The grating oscillation frequency G allows for relaxation oscillations of the grating during buildup under cw-pump conditions, and the steady-state value of the grating-field strength E G SS is the maximum grating strength based on the space-charge fields. 16 Detailed expressions for these parameters have been previously derived in the literature. 14, 20 Inspection of Eqs. (3) and (4) reveals some noteworthy points regarding the driving terms of the grating and return fields. The grating field is driven by all four waves, with a buildup time G . The return field is driven not only by the grating field, but also by one of the pump waves.
In the case of equal pump beams from a stable, cw laser, the spatial and dynamic variation of the pump beams can be neglected. For this externally pumped case, we shall also assume that the pumps are much stronger than the incident signal, which is typical in such pump-probe experiments. In this case, the grating evolution is described by
where I P is the intensity of each of the pump beams. We have adopted the convention I j ϭ ͉E j ͉ 2 for the signal intensity for simplicity of notation.
Since G is relatively large, Eq. (5) can be solved such that E G is proportional to the conjugate of the incident field averaged over the grating response time, [21] [22] [23] yielding
where the brackets indicate a temporal average over the grating response time. Using this result with Eq. (4) yields the following equation for the return wave:
For a time-invariant beam, the driving term of Eq. (7) will lead to the production of the spatial phase conjugate of the incident beam, as one might expect. However, it is worthwhile to note that, regardless of the temporal fluctuations of the incident beam, spatial phase conjugation still results provided that any dynamics occur to the beam as a whole such that the relative spatial phase profile is static.
On the other hand, Eq. (7) indicates that the return field will only be the temporal phase conjugate of the incident field if the incident field variations occur on time scales significantly larger than the grating response time. In fact, any dynamic fluctuations in the field will reduce the grating strength and thus effective return field strength. This can be understood in that the phase of the grating must constantly shift to accommodate the changing phase relation between the incident beam and the pump beam, which will average out to some degree, depending on the variance of the fluctuations. If we assume that the dynamic fluctuations of the incident field occur only in phase and are uniform across the beam, Eq. (7) reduces to
where A I (x,y) represents the spatial content of the incident field. If the phase fluctuations are assumed to be due to a Gaussian stochastic process, 6 the buildup of the return signal is described by
where ⌬ 2 ϭ ͗ 2 (t)͘ g is the variance of the phase. The resultant exponential factor in Eq. (9) indicates that for the case of an externally pumped photorefractor, the phase fluctuations of the incident beam are important in determining the actual strength of the grating and the subsequent strength of the return signal. From another point of view, Eqs. (7)- (9) show that the return beam will have no rapid temporal fluctuations; they become averaged out in the slow response of the photorefractive medium. If this return signal is injected back into the dynamic source laser, it will serve as a stable master source for injection locking the laser. As such, while this technique may indeed stabilize the laser, the mechanism is injection locking rather than phaseconjugate feedback. This point will be further discussed in Section 5.
SELF-PUMPED FOUR-WAVE MIXING IN A PHOTOREFRACTIVE MEDIUM
For the case of ''self-pumped phase conjugation'' as defined by Feinberg, 13 one must consider the pump-beam generation. Figure 3 depicts the geometry under investigation. There are two interaction regions, labeled A Fig. 3 . Depiction of internal self-pumped phase conjugation in a photorefractive medium. The circles indicate the two interaction regions (A and B) , and the arrows depict the propagation direction of the various beams. and B. At interaction region A, E A is generated by twowave mixing, E A and E I interfere and form the grating, and E B scatters into E R , creating the return field. At interaction region B, E B is generated by two-wave mixing, E B and E I form the grating, and E A scatters into E R , amplifying the return field that was created at interaction region A. Since interaction region B serves primarily to amplify the return field created at interaction region A, we shall focus on the generation of the return field at interaction region A.
For arbitrary form of the pump fields, the grating field at interaction region A is determined by
assuming weak return and pump fields, with a similar equation for the grating field at interaction region B. For large G , the grating field can be explicitly solved for [21] [22] [23] and combined with Eq. (4) to produce an equation for the return field:
where r A(B) and t I relate the fraction of power contained in pump beam A(B) and the incident beam at interaction region A, respectively. Although a similar interaction takes place at B also, we will confine our analysis to what occurs at region A for the sake of simplicity, since the inclusion of region B does not fundamentally change the nature of the return beam. In order to analyze this problem completely, one must obtain an accurate description for the pump fields. It is fruitful to examine two cases in which the pump fields can be readily solved. In the first case, let us assume that the incident field is spatially uniform, for which all of the spatial variables vanish from Eq. (11). At interaction region A, the pump field E A is created locally, whereas E B is created at interaction region B and must propagate through the crystal and retroreflect to intersect at region A. Let us first consider the generation of E A . The beam fanning that creates E A is initiated by two-wave mixing and is then sustained by the same grating that generates the four-wave mixing, as should be clear by inspection of Eq. (3). In either case, the grating-evolution equation remains the same provided that the generated pumps are much weaker than the incident beam, which is a reasonable assumption under the surmise of a weak return field. For these conditions, Eq. (12) describes this evolution as
Once again, we can solve for the grating field, given that G is large. Using this result in the wave equation for pump A gives
To proceed, we must first recognize that there is no external seed to initiate this process. It is in fact the scattered incident field that acts as the seed that initiates this process. Second, the interaction length for this two-wave mixing process will be of the order of the lateral beam width. Thus for a 1-mm beam, the time delay between the initiation and completion of travel for this beam is approximately 10 ps by use of a background index n b ϭ 2.5. 24 If we assume there are no fluctuations of the incident beam over this time scale, then the bracketed terms in Eq. (13) cancel, and E A (t) will look exactly like E I (t). Following this same logic for the generation of pump wave B yields
where ⌬z L is the path difference between the direct path from interaction region A to interaction region B and the path that travels around the loop, and ⌬ L is the transit time associated with this path difference.
Under these conditions, the bracketed terms in Eq. (11) cancel, leaving
Note that since the bracketed terms in Eq. (11) cancel each other, the return field is not driven by the phase conjugate of the incident field. This result indicates that in the conventional self-pumped configuration for a spatially uniform incident field, the return field will not be the temporal phase conjugate of the incident field, but rather a conventional reflection with a corresponding time delay through the loop. At first glance, Eq. (14) seems to contradict the wellknown spatial phase-conjugation result first demonstrated by Feinberg. 13 Let us examine the second case, where the incident field contains spatial structure but has no dynamic fluctuations. For this case, all of the time dependence as well as the averaging over the grating time are removed from Eq. (11). Now we must revisit the generation of the pump beams. For a field containing spatial information, each spatial-frequency component makes its own loop around the crystal. 13, 25 As such, the pump beams as described in Eq. (11) must be represented as a summation of plane-wave fields. The return-field wave equation becomes
where the subscript j represents the various Fourier components of the incident wave. Indeed, Eq. (15) indicates that spatial phase conjugation is preserved for nonfluctating beams.
OPTICAL FEEDBACK IN SEMICONDUCTOR LASERS
For the different cases analyzed in Sections 2-4, each resulted in the generation of the spatial phase conjugate of the incident field provided there were no temporal fluctuations on the incident beam. However, each case predicts a different return field for an incident field with dynamic fluctuations. The results for this case are tabulated in Table 1 for convenience with some simplifications; the subscript for the incident beam has been dropped, and the brackets indicate temporal averaging over the grating response time. For the externally pumped cases, it is assumed that the pump beams are spatially uniform and have no temporal fluctuations. The final column addresses the issue of the type of signal a laser source would experience if subjected to injection of the optical field produced by the associated FWM geometry. In Feinberg's interferometric analysis with a selfpumped phase conjugator, 26 he performed aberrationcompensation measurements using BaTiO 3 in both externally pumped and self-pumped configurations. In the externally pumped case, the aberrations introduced were canceled completely, as would be expected by Eq. (7). In contrast, only the spatially varying phase was corrected in the self-pumped case, as is expected from Eq. (15). However, the longitudinal (or piston) phase change introduced by the aberrator was not corrected. This is in fact a statement of Eq. (14); self-pumped phase conjugators cannot correct piston phase error. If the spatial structure of the beam is eliminated, the phase-conjugate mirror cannot conjugate the remaining dc phase. Equation (14) simply extends Feinberg's experimental findings to the time domain.
The primary motivation for and focus of this analysis was to determine the proper dynamical form of the return field generated by FWM processes that employ different configurations for use in studies of the dynamics of lasers subject to optical feedback. A typical experimental configuration to study phase-conjugate feedback uses a photorefractive BaTiO 3 crystal as the phase-conjugating medium, where the pump beams are generated by beam fanning and retroreflection off the crystal corner, as depicted in Fig. 3 . The approximations that were made in Section 4 provide an accurate depiction of the physics involved with using BaTiO 3 to provide feedback into a semiconductor laser. While many experiments use this configuration to study the dynamics of semiconductor lasers subject to phase-conjugate feedback, the correct mathematical description of the time dependence of the return beam is conventional feedback as from a mirror, as given by Eq. (14) , rather than a temporal phase-conjugate mirror, as was done in many previous theoretical studies.
At first glance, it would be easy to confuse the various optical injection possibilities listed in Table 1 . Consider the cases of conventional feedback, 27 phase-conjugate feedback, 28 and injection locking by a master oscillator 29 for a semiconductor laser. At low optical injection levels the laser demonstrates locking behavior, or a reduction of phase noise, for all three cases. At higher levels, the laser goes dynamically unstable for all three cases as well. The details of the instability can actually shed light on the type of signal being injected into the laser. For the case of conventional feedback, the output of the laser travels some distance D to reach the FWM medium and is effectively reflected and sent back to the laser source.
The light returning to the laser is delayed by the propagation of a distance 2D compared with the field within the laser, which has continued to evolve. It also picks up a round-trip phase, which at higher injection levels results in the oscillation of many external-cavity modes. 30 For the case of phase-conjugate feedback, the externalcavity delay still exists. However, the phase accumulated on the way to the FWM medium is conjugated and thus canceled by the phase accumulated in the return trip. Consequently, there should be no external-cavity modes present in the high-injection-level instabilities. However, a deeper examination reveals that double-cavity modes can exist, but their frequency spacing corresponds to a cavity length that is twice as long as the physical distance to the FWM medium. 31 For the case of injection locking with a master oscillator, there is no dependence on phase since the source has no fluctuations. For the externally pumped photorefractor, the phase conjugation erases the phase accumulated in the round trip of the cavity, as in the phase-conjugation case, but the dynamic averaging of the incident signal would produce a stable master source for injection locking. Comparing further to the phase-conjugation case, there may indeed be double-cavity modes present for this configuration as well. Also, the high-injection-level instabilities that arise from this configuration may be more severe than those that occur for the case of typical injection locking with a master oscillator. For the masteroscillator case, these instabilities are due to detuning of the natural cavity resonance through gain-index coupling and the depletion of carriers (gain) by the injected field, and the instabilities result in relaxation oscillations and multimode operation. For the externally pumped photorefractor, the optical frequency of the ''master'' is not fixed but changes as the laser field changes frequency. Due to energy-conservation principles, any frequency change in the laser field with respect to the pump frequency will produce a ''master'' field that is twice as far detuned from the incident signal, effectively reducing the locking band by a factor of 2. This could lead to the highinjection-level instabilities occurring at lower injection levels than for the case of a fixed master oscillator.
A recent experiment has investigated the highinjection-level dynamics for a semiconductor laser with feedback from a BaTiO 3 crystal in the self-pumped configuration. 32 Their results display the characteristic signs of conventional optical feedback, including externalcavity modes corresponding to an external cavity of length D rather than 2D. This indicates that the temporal feedback from a self-pumped photorefractive medium indeed produces a conventional reflection as opposed to a temporal phase conjugate of the incident beam, as predicted by Eq. (14) . One particular advantage that a spatial phase conjugator has in providing conventional feedback is simplified alignment. The coupling coefficient of the light back into the laser source can be significantly higher with a spatial phase conjugator as opposed to a conventional reflector. 33 It is also prudent to note that the formalism developed here can be applied to other geometries as well. For example, optical feedback from double phase-conjugate mirrors has also been used to stabilize semiconductor lasers. 34 In this case, since a photorefractive material (BaTiO 3 ) was used as the phaseconjugating medium, the time response of the conjugator needs to be taken into account by Eqs. (3) and (4).
CONCLUSIONS
In this paper we have analyzed the spatio-temporal nature of the return field for an input field that has arbitrary spatial and temporal characteristics for the cases of an externally pumped Kerr medium, an externally pumped photorefractive medium, and a self-pumped photorefractive medium. For a stationary beam with spatial structure, the return field generated is found to be the spatial phase conjugate of the incident field for all three cases. However, for a beam exhibiting dynamic behavior, each case under investigation generates a return field with a different temporal character. For the case of a self-pumped photorefractor, it is found that the dynamics of the return beam are represented by a conventional reflection rather than a temporal phase conjugate of the incident field. While this geometry may have been thought of as a simple way to provide phase-conjugate feedback for dynamic stabilization in semiconductor lasers, the results found here are consistent with previous experimental findings and are confirmed by recent detailed experiments. The formalism derived here can be used to analyze cases other than the three described here.
